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We have arrived at the following sharpened version of the boundary point maximum principle.
THEOREM. If (i) u is a solution of Aw^O which is of class C 2 in G and which is continuous in G 9
(ii) M(r) is defined by (1) , and (iii) u(x)<u(y)for \x\<a, \y\=a 9 then (2) holds.
This theorem can be easily generalized to linear elliptic partial differential inequalities, since the proof hinges only on the strong maximum principle and on the convexity obtained from the Hadamard theorem.
Consider now the quasilinear operator
where the functions a iô {x 9 u 9 p) and c(x 9 u 9 p) are defined for all x in D={x; xeR n 9 a<\x\<b,} 9 all ueR' and all/? e IT. We shall assume that a H and c are Lipschitzian in p at 0; more precisely we shall assume that there is a constant L such that
The C 2 solutions to the inequality E(u)tt0 then satisfy the strong maximum principle (see e.g. REMARK. The theorem remains valid if the phrase 'strictly increasing' in (iv) and in the conclusion of the theorem is replaced by the phrase 'strictly decreasing'.
The following elementary lemma is easy to prove. Then'£ 0 (w)^0 at x 0 . The proof will be completed by showing E 0 (w)>0 at x 0 . We have REMARK. The function v(r) depends on the bound for the second derivatives; it is an interesting problem whether or not this dependence can be removed. It is fairly obvious from the proof that the assumption (ii) is superfluous if the operator is linear.
REMARK. The theorem of this paragraph leads to a sharpened version of the boundary point maximum principle for the operator E{u) analogous to that proved in paragraph 2 for subharmonic functions.
